Abstract. Let K be a number field and let E be an elliptic curve defined over K. Let m be a positive integer. We denote by K(E[m]) the number fields obtained by adding to K the coordinates of the m-torsion points of E. We look for small (sometimes "minimal") set of generators of K (E[m] ). For m = 3 and m = 4, we describe explicit generators, degree and Galois groups of the extensions K(E[m])/K.
Introduction
Let E be an elliptic curve with Weierstrass form y 2 = x 3 + Ax + B defined over a number field K and let m be a positive integer. We denote by E[m] the m-torsion subgroup of E and by K m := K(E[m]) the number field generated by the coordinates of the m-torsion points of E. As usual for any point P ∈ E, we let x(P ), y(P ) be its coordinates and indicate its m-th multiple simply by mP . We shall investigate the set of generators for the extension K m /K. In [2] we studied the case K = Q (in particular for the case m = 3) and noted that many of the techniques could be extended to a general number field K. In Section 2 we generalize [2, Theorem 2.2] and easily prove Theorem 1.1. Let m > 2 and let {P 1 , P 2 } be a Z-basis for E[m], then K m = K(x(P 1 ), x(P 2 ), ζ m , y(P 1 )) (where ζ m is a primitive m-th root of unity).
We expected a close similarity between the roles of the x-coordinates and y-coordinates and this turned out to be true in relevant cases. Indeed in Section 3 (mainly by analysing the possible elements of the Galois group Gal(K m /K) ) we prove that K m = K(x(P 1 ), ζ m , y(P 1 ), y(P 2 )) at least for odd m ≥ 5 and we have (for more precise and general statements see Theorems 3.1 and 3.6) Theorem 1.2. If m 4, then K m = K(x(P 1 ), ζ m , y(P 1 ), y(P 2 )) =⇒ K m = K(x(P 1 ), ζ m , y(P 2 )) .
The set {x(P 1 ), ζ m , y(P 2 )} seems a good candidate (in general) for a "minimal" set of generators for K m /K for m = p prime. Indeed Serre's open image theorem (see, e.g., [ 6, Appendix C, Theorem 19.1]) tells us to expect Gal(K p /K) ≃ GL 2 (Z/pZ) for almost all primes p (for a curve E without complex multiplication) and there are mild hypothesis (see Theorem 3.14) which lead to [K(x(P 1 ), ζ m , y(P 2 )) : K] = (p 2 − 1)(p 2 − p) = |GL 2 (Z/pZ)| .
Let e m : E[m] × E[m] −→ µ m be the Weil Pairing, where µ m is the group of m-th roots of unity. By the properties of e m , we know that µ m ⊆ K m and our choice of P 1 and P 2 yields e m (P 1 , P 2 ) = ζ m for some primitive m-root of unity ζ m . Let (x 3 , y 3 ) be the coordinates of the point P 3 := P 1 + P 2 and let (x 4 , y 4 ) be the coordinates of the point P 4 := P 1 − P 2 . By the group law of E, we may express x 3 and x 4 in terms of x 1 , x 2 , y 1 and y 2 : indeed (1) x 3 = (y 1 − y 2 ) 2 (x 1 − x 2 ) 2 − x 1 − x 2 and x 4 = (y 1 + y 2 ) 2 (x 1 − x 2 ) 2 − x 1 − x 2 .
(note that x 1 = x 2 because P 1 and P 2 are independent so P 1 = ±P 2 ). By taking the difference of these two equations we get (2) y 1 y 2 = (x 4 − x 3 )(x 1 − x 2 ) 2 /4 .
Lemma 2.1. We have K(x 1 , x 2 , y 1 y 2 ) = K(x 1 , x 2 , x 3 , x 4 ) and K m = K m,x (y 1 )
Proof. The first field is included in the second by equation (2) . Recall that, by the Weierstrass equation, y 2 i ∈ K(x i ) for i = 1, 2. Then considering equations (1) one proves the other inclusion. For the final statement just note that K m = K m,x (y 1 , y 2 ) = K m,x (y 1 ).
More precisely, we have
. Exactly one of the following cases holds: Then y 1 and y 2 generate the same extension of L and this extension should be nontrivial, so we are in case (c).
Proof. We consider the four cases of Lemma 2.2. Recall that K(ζ m ) ⊆ K m and that, by Lemma 2.1, we have K(x 1 , x 2 , y 1 y 2 ) ⊆ K m,x . Case (a) or (b): we have K(x 1 , x 2 , y 1 y 2 ) = K m so the statement clearly holds. Case (c): we have K m = L(y 1 ) and y 1 y 2 ∈ L so the nontrivial element τ ∈ Gal(K m /L) maps y i to −y i for i = 1, 2. In particular, P τ i = −P i for i = 1, 2 and so ζ
The field fixed by τ is L(y 1 y 2 ) and, as in the previous case,
Without loss of generality, we may suppose y τ 1 = −y 1 and y τ 2 = y 2 so that P τ 1 = −P 1 and P τ 2 = P 2 . Then we have ζ
The following theorem generalizes [2, Theorem 2.2].
Theorem 2.5. 
These three properties yield L(ζ m ) = L(y 1 y 2 ). The second statement is straightforward.
We conclude this section with the identity appearing in the title, which still focuses more on the x-coordinates. For that we shall need the following Lemma 2.6. The extension K(x 1 , x 2 )/K(x 1 +x 2 , x 1 x 2 ) has degree 2. Its Galois group consists at most of the identity and of an automorphism that swaps x 1 and x 2 .
shows that the extension has degree at most 2. Moreover, if σ ∈ Gal(K m /K) fixes x 1 + x 2 and x 1 x 2 , then it can map (x 1 − x 2 ) only to ±(x 1 − x 2 ), thus σ either fixes or swaps x 1 and x 2 .
Proof. We consider the tower of fields (coming from Theorem 2.5)
and adopt the following notations:
, then the statement clearly holds. By Lemma 2.6, we may now assume that G/H has order 2 and its nontrivial automorphism swaps x 1 and x 2 . Then there is at least one element τ ∈ G such that τ (x i ) = x j and, consequently, τ (y i ) = ±y j . The possibilities are:
both of order 2 and
fixes both x 1 and x 2 . The automorphisms τ 1 and τ 2 generate a non abelian group of order 8 with two elements of order 4, i.e., the dihedral group
So G is a subgroup of D 4 . Since G/H has order 2, H is isomorphic to either 1, Z/2 or (Z/2) 2 (note that τ 2 ∈ H) and its nontrivial elements can at most be the following
The case K m = K(x 1 , x 2 ). Since |H| = 1 and |G/H| = 2, we have |G| = 2. The nontrivial automorphism of G has to be τ 1 or [−1]τ 1 . In both cases G does not fix
Since |H| = 4 and |G/H| = 2, we have G ≃ D 4 . The subgroup < τ 2 > of D 4 is normal of index 2 and it does not contain τ 1 . Moreover, τ 2 fixes ζ m and τ 1 does not. Then we have
, giving y 1 = ±y 2 . This would imply that K m = K(x 1 , x 2 , y 1 ) has degree 2 over K(x 1 , x 2 ), contradicting the assumptions of this case. Then the degree of the extensions
are respectively 2 and at least 4. Since the extension K m /K(x 1 + x 2 , x 1 x 2 ) has degree 8 the statement follows.
Since |H| = 2 and |G/H| = 2, we have |G| = 4. We have to exclude G =< τ 2 τ 1 , [−1] >, because these automorphisms fix both x 1 and x 2 so we would have G = H. We are left with H =< [−1] > and one the following two possibilities:
We now consider each of the two subcases separately. Assume G =< τ 2 > and note that y 1 = ±y 2 : indeed, if y 1 = ±y 2 , then τ 2 fixes y 1 or y 2 and so y 1 , y 2 are both contained in
, a contradiction. So we know y 1 = ±y 2 . Then y 1 and y 2 1 are not fixed by any element in G, i.e.,
By Theorem 2.5 we conclude that
and one can take E : y 2 = x 3 − 1 (defined over Q) and the points {P 1 = (ζ 3 , 0), P 2 = (ζ 2 3 , 0)} (which form a Z-basis for E [2] ) to get K 2 = Q(µ 3 ) and Q(x 1 + x 2 , x 1 x 2 ) = Q. The equality would hold for any other basis but the previous theorems allow total freedom in the choice of P 1 and P 2 .
The identity
We start by proving that for every odd m 4 we have the identity K m = K(x 1 , ζ m , y 1 , y 2 ). The cases m = 2 and m = 3 are treated in Remark 3.3 and Section 4 respectively.
is an extension of degree 2 and its Galois group is generated by the element sending P 2 to
) and write σ(P 2 ) = αP 1 + βP 2 for some integers 0 α, β m − 1. Since P 1 and ζ m are σ-invariant we get
) and x 2 is a root of X 3 + AX + B − y 2 2 , the order of σ is at most 3. Assume now that σ = Id. If the order of σ is 3: we have
hence 3α ≡ 0 (mod m). Moreover, the three distinct points P 2 , σ(P 2 ) and σ 2 (P 2 ) are on the line y = y 2 . Thus their sum is zero, i.e.,
Since 3α ≡ 0 (mod m), we deduce 3P 2 = O, contradicting m 4.
If the order of σ is 2: as above P 2 = σ 2 (P 2 ) yields 2α ≡ 0 (mod m). If m is odd this implies α ≡ 0 (mod m), i.e., σ is the identity on E[m], a contradiction. If m is even the only possibility is α = m 2 . The last statement for m even follows from the fact that σ acts trivially on 2P 1 and 2P 2 .
Proof. Assume there is a σ ∈ Gal(K p /K(ζ p , y 1 , y 2 )) of order 2. Since y i = 0 (because p = 2), one has σ(P i ) = −P i . Then σ(P i ) + P i is a nontrivial p-torsion point lying on the line y = −y i . The point σ(P i ) + P i is on the line y = −y i so, if σ(P i ) + P i is not a multiple of P j (i = j), then we consider the basis {P j , σ(P i ) + P i = (x i , −y i )}. Now σ is the identity on K(ζ p ,x i , y i , y j ) = K p (by Theorem 3.1): a contradiction. Therefore σ(P 1 ) = −P 1 + β 1 P 2 and σ(P 2 ) = β 2 P 1 − P 2 which, together with σ 2 = Id, yield β 1 β 2 = 0. Hence either P 1 or P 2 is mapped to its opposite, a contradiction.
Remark 3.3. The identity K 2 = K(x 1 , ζ 2 , y 1 , y 2 ) does not hold in general. A counterexample is again provided by the curve E : y 2 = x 3 − 1 with P 1 = (1, 0) (as in Remark 2.8 any other choice would yield the equality K 2 = K(x 1 ) ). 
If the second case occurs, take the nontrivial element σ of Gal(K p /K(x 1 , y 1 , y 2 )). Since σ fixes x 1 , y 1 and y 2 , its representation in GL 2 (Z/pZ) (expressing the action of σ on E[p] with respect to the Z-basis P 1 , P 2 ) yields
Since p is an odd prime, σ 2 = Id leads either to d = 1 (hence b = 0 and σ = Id, a contradiction) or to d = −1. Hence σ(P 2 ) = bP 1 − P 2 (with b = 0 otherwise σ would fix x 2 as well), i.e., bP 1 lies on the line y = −y 2 . Thus K(y 2 ) ⊆ K(x 1 , y 1 ) and so
Corollary 3.5. Let p ≡ 2 (mod 3) be an odd prime. Assume there is a nontrivial K-rational p-torsion point P 1 and take any
Proof. Just apply Theorem 3.4 to the basis {P 1 , P 2 }.
Proof. The hypothesis implies
. Assume now that σ(P 1 ) = −P 1 and let
By Theorem 2.5, this yields K m = K(x 1 , ζ m , y 2 ) and contradicts σ = Id.
]).
Lemma 3.7. Assume that P ∈ E(K) is not a 2-torsion point and that φ : E → E is a K-rational isogeny with φ(R) = P . Then K(x(R), y(R)) = K(x(R)).
Proof. Put F = K(x(R)) and F ′ = K(x(R), y(R)), then [F ′ : F ] 2 and we take σ ∈ Gal(F ′ /F ). Since σ fixes x(R), one has σ(R) = ±R. Moreover σ(φ(R)) − φ(R) = O yields φ(σ(R) − R) = O as well. Now σ(R) = −R would yield O = φ(−2R) = −2P a contradiction to P ∈ E [2] . Hence σ(R) = R and F ′ = F . Lemma 3.8. If P is a point in E(K) and n 1, then we have x(nP ) ∈ K(x(P )).
Proof. For any σ ∈ Gal(K/K(x(P ))) one has σ(P ) = ±P and σ(nP ) = ±nP . Hence σ(x(nP )) = x(nP ), i.e., x(nP ) ∈ K(x(P )).
Corollary 3.9. Let m be divisible by d 3 and let R be a point of order m. Then
In particular, if
and if R is a point of order m, then K(x(R), y(R)) = K(x(R)).
Proof. Apply the previous lemmas to the field K(P )
Proof. By Corollary 3.9,
By Lemma 3.8, we have x m d P 1 ∈ K(x(P 1 )) and the thesis follows. The previous result leaves out only integers m of the type 2 s 3 t . For the case t = 1 we mention the following Proposition 3.11. The coordinates of the points of order dividing 3·2 n can be explicitly computed by radicals out of the coefficients of the Weierstrass equation.
Proof. By the Weierstrass equation, we can compute the y-coordinates out of the x-coordinate. Then by the addition formula, it suffices to compute the x-coordinate of two Z-independent points of order 3 (done in Section 4), and the x-coordinate of two Z-independent points of order 2 n (found in Section 5 for n = 1, 2). Now it suffices to show that for a point P of order 2 n with n 3 the coordinate x P can be computed out of x 2P . Indeed, we have y P = 0 (because the order of P is not 2) and so by the duplication formula 
where L is the field generated by the y-coordinates of any two Z-independent points of order 3 (resp. 4).
Proof. Just apply Corollary 3.9 with d = 3 (resp. d = 4).
We conclude this section with some remarks on the Galois group Gal(K p /K) for a prime p 5, which led us to believe that the generating set {x 1 , ζ p , y 2 } is often minimal. Proof. By Theorem 3.6,
(for some 0 α p − 1). The powers of η are
and its order is obviously 2p, hence it suffices to show that any such σ is a power of η. One easily checks that, for even α,
while, for odd α,
Since the p-th division polynomial has degree
and, obviously, [K(
and can provide conditions for the equality to hold.
Theorem 3.14. Let p 5 be a prime, then Gal(K p /K) ≃ GL 2 (Z/pZ) if and only if the following holds:
3. there exists a basis P 1 , P 2 of E[p] and an element η ∈ Gal(K p /K) such that η(P 1 ) = −P 1 and η(P 2 ) = P 1 − P 2 .
Proof. The conditions lead to the equality [K
Remark 3.15. B y Serre's open image theorem, when E has no complex multiplication, one expects the equality to hold for almost all primes p. Hence for a general number field K (not containing ζ p or any coordinate of any generator of E[p]) one expects x 1 , y 2 and ζ p to be a minimal set of generators for K p over K.
Number fields K(E[3])
In this section we generalize the classification of the number fields Q(E [3] ), appearing in [2] , to the case when the base field is a general number field K. We recall that the four x-coordinates of the 3-torsion points of E are the roots of the polynomial ϕ 3 := x 4 + 2Ax 2 + 4Bx − A 2 /3. Solving ϕ 3 with radicals, we get explicit expressions for the x-coordinates and we recall that for m = 3 being Z-independent is equivalent to having different x-coordinates. Let ∆ := −432B 2 − 64A 3 be the discriminant of the elliptic curve and let
(where we have chosen one square root of γ and one cubic root for ∆, since ζ 3 ∈ K 3 the degree [K 3 : K] will not depend on this choice). If B = 0, the roots of ϕ 3 are
The corresponding points, by arbitrarily choosing the sign for the y-coordinate, have order 3 and are pairwise Z-independent. For completeness, we show the expressions of y 1 , y 2 , y 3 and y 4 in terms of A, B, γ, δ and δ ′ :
If B = 0, then γ = 0 too and the formulas provided above do not hold anymore. The x-coordinates are now the roots of ϕ 3 = x 4 + 2Ax 2 − A 2 /3 . Let
then two solutions of ϕ 3 are x 1 = √ β and x 2 = − √ β. Furthermore
Using the results of the previous sections and the explicit formulas, we can now give a "minimal" description of K 3 in terms of generators.
Proposition 4.1. In any case K 3 = K(x 1 , y 2 , y 1 ). Moreover
Proof. If B = 0, then
) and x 2 ∈ K(x 1 , y 2 1 , y 2 2 ), which immediately yields K 3 = K(x 1 , y 1 , y 2 ). Moreover, by Theorem 2.7, K 3 = K(x 1 + x 2 , x 1 x 2 , ζ 3 , y 1 ) so, since
is obvious. The final statement follows 
and the corresponding ones for B = 0 Proof. Everything follows from Proposition 4.1 and the explicit description of the generators of K 3 , just note that all conditions (except A1 which provides an extension of degree 3) yield extensions of degree 2. We remark that not all possible combinations appear in the table because there are certain relations between the conditions. Indeed, for B = 0, condition D2 implies condition D3 (since
3 , this implies that E does not hold. In the same way one sees that if B1 does not hold then δ and δ ′ are both squares in K( √ γ). Therefore x i ∈ K( √ γ) for 1 i 4 and, by Proposition 2.3, ζ 3 ∈ K( √ γ) as well, i.e., C does not hold. Moreover if B2 does not hold, then y 2 1 , which is of the form u + v √ δ for some u, v ∈ K( √ γ), is a square in K( √ δ), hence y 2 2 = u − v √ δ is a square as well. In this case we have 
Letting ϕ be any element of the Galois group one has ϕ(y 2 1 ) = ±y 2 1 , i.e., ϕ(y 1 ) = ±y 1 , ±iy 1 . Then Gal(K 3 /K) =< ϕ 
In case a there are elements sending √ 3 to − √ 3, hence x 1 to x 3 and y 2 1 to ±y 2 3 . There are no such elements of order 2, so Gal(K 3 /K) ≃ Z/4Z and it is generated by ϕ 6,1 ϕ 2,1 or ϕ 3 6,1 ϕ 2,1 (note that both fix ζ 3 hence one can also deduce that this case happens if ζ 3 belongs to K and i does not). In case b (as in d = 8) one has ϕ(y 2 1 ) = ±y 2 1 : if ζ 3 ∈ K, then i ∈ K as well and the Galois group is < ϕ 2 6,1 >≃ Z/4Z. If ζ 3 / ∈ K, then the Galois group must contain elements moving i and, among them, the ones sending y 2 1 to ±y 2 1 all have order 2. Therefore Gal(K 3 /K) ≃ Z/2Z × Z/2Z and the generators are {ϕ 4 6,1 , ϕ 2,1 } or {ϕ 4 6,1 , ϕ 2,1 ϕ 6 6,1 }. 
In case a, since all elements of the Galois group fix √ γ, one has ϕ( √ δ) = ± √ δ, which yields ϕ(y 1 ) ∈ {±y 1 , ±y 2 }. Therefore ϕ has order 1, 2 or 4 and, since (Z/2Z) 3 is not a subgroup of GL 2 (Z/3Z), we have some elements of order 4 (the ones with ϕ(y 1 ) = ±y 2 ). Moreover there is σ ∈ Gal(K 3 /K(y 1 )) with σ(ζ 3 ) = ζ 2 3 . Note that in this case x 1 ∈ K(y 1 ) so y 2 ∈ K(y 1 ) (otherwise
In case b, since √ γ is no longer fixed, ϕ(δ) ∈ {δ, δ ′ } and therefore the image of y 1 can be any of the other y i 's. Moreover, once ϕ( √ γ) and ϕ( √ δ) are fixed, ϕ(y 1 ) = ±y i yields ϕ(y i ) = ±y 1 so, again, we have no elements of order 8 (and, as above, they cannot all be of order 2). Since there is no "special" y coordinate, all elements with ϕ(y 1 ) = y i (i = 1) have order 4 and Gal(K 3 /K) is the quaternion group Q 8 with generators of order 4
, and the element
: then there is the cubic extension K( 3 √ ∆) and K 3 must contain its Galois closure. Hence if ζ 3 ∈ K, we have Gal(
In all these cases K 3 contains a quadratic subextension K ′ which is K( √ γ) (cases a and b) or
and it is generated by
Number fields K(E[4])
In this section we briefly describe the case m = 4. Let α, β and γ be the roots of x 3 + Ax + B = 0. This roots are the abscissas of the points of order 2 of E. The points of exact order 4 of E are ±P 1 , ±P 2 , ±P 3 , ±P 4 , ±P 5 , ±P 6 , where
In particular, the points
form a basis of the 4-torsion subgroup of E. With the explicit formulas for the coordinates of the 4-torsion points its easy to see that [3] ). Another quick way to find this extension is by applying Theorem 2.5.
is the splitting field of
which is, as expected, the cardinality of GL 2 (Z/4Z).
Theorem 5.1. Let K be a number field and let E be an elliptic curve with Weierstrass form y 2 = x 3 + Ax + B defined over K. Let K ′ be the splitting field of
Then the degrees are the following (the conditions not appearing in the third and sixth column are assumed not to hold, obviously d = 1 ⇐⇒ d ′ = 1 and none of the conditions hold)
A1, A2, A3, A4 12 3 2 among A1, A2, A3, A4 48 6 3 among A1, A2, A3, A4 8 2 2 among A1, A2, A3, A4 48 3 A1, A2, A3, A4 8 1 3 among A1, A2, A3, A4 32 2 A1, A2, A3, A4 6 6 none 24 6 2 among A1, A2, A3, A4 6 3 1 among A1, A2, A3, A4 24 3 3 among A1, A2, A3, A4 4 2 1 among A1, A2, A3, A4 16 2 3 among A1, A2, A3, A4 4 1 2 among A1, A2, A3, A4 16 1 A1, A2, A3, A4 3 3 none 12 6 1 among A1, A2, A3, A4 2 2 none 2 1 1 among A1, A2, A3, A4
Proof. The computations are straightforward (any of the conditions provides a degree 2 extension).
We provide some examples over Q which describe the cases A = 0 or B = 0 and a few more (obviously, since i ∈ Q 4 = Q(E [4] ) we cannot obtain extension of degree 1 or 3). Hence, if we exclude obvious particular cases like B ∈ (Q * ) 3 , the degree turns out to be 24 (i.e., seems to be "almost" independent from B).
Example 5.3. B=0. For E : y 2 = x 3 + Ax we have a rational root, hence we can only obtain degrees which are a power of 2.
The curve E : y 2 = x 3 − 9x (A is the opposite of a square in Q), with α = 0, β = 3 and γ = −3, yields Q ′ = Q and Q 4 = Q( We give a few more examples just to complete the list of 2-powers degrees. The remaining degrees (divisible by 3), are harder to obtain (over Q) because of the formulas for the roots of x 3 +Ax+B; obviously they should be easily accessible via computer calculation. 
The structure of Gal(K 4 /K) can be derived from the lower sequence (which splits as well) checking the conditions of Theorem 5.1 to compute d ′ (which immediately identifies Gal(K ′ /K) as one among Id, Z/2Z, Z/3Z or S 3 ) and the i ∈ {0, . . . , 4} for which Gal(K 4 /K ′ ) ≃ (Z/2Z) i .
